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Computational quantum chemistry, that is, practicing 
quantum chemical theory using computers, is now considered 
to be a powerful means to provide detailed analysis of chemi-
cal phenomena. The focus of our group is to develop methods 
and algorithms of molecular electronic structure calculations, 
which are capable of supplying electronic-level interpretation 
and reliable prediction of chemical characters, reactivity, 
energetics, and spectroscopic properties of molecular systems. 
Also, we are interested in applying the methods to challenging 
chemical systems. Recently, we have developed advanced 
multireference methods to describe highly-correlated many-
electron wavefunction, which cannot be qualitatively accounted 
for with mean-field or one-electron theory (e.g., density 
functional theory). The multireference wavefunction need be 
represented with a quantum superposition of multiple electron 
configurations; however, this gives rise to a high computa-
tional expense because the degree of the superposition is in 
general exponentially dependent on the system size. We 
approach the multireference problems using the density matrix 
renormalization group (DMRG), which is originally a method 
of condensed matter physics to solve strong correlation phe-
nomena in physical models. We developed an efficient imple-
mentation for adapting DMRG to quantum chemical calcula-

tion, in which the DMRG is exploited to describe static 
correlation in combination with the complete active space 
(CAS) model. Our DMRG-based methods have shown to be 
capable of handling very large correlation space, which far 
exceeds the limitation of conventional methods. We have 
further introduced a scheme to additively account for dynamic 
correlation on top of active-space DMRG wavefunction. Using 
these methods, we carried out chemical applications to multi-
reference electronic systems, ranging from organic material 
molecules, such as radicals of graphene nanoribbons, to 
transition metal complexes, such as tetranuclear manganese 
cluster.

Figure 1.  (a) Algorithm of density matrix renormalization group 

(DMRG) and (b) Its application to manganese cluster.
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1.  Multistate Complete Active Space 
Second Order Perturbation Theory Based 
on Density Matrix Renormalization Group 
Reference States1)

We present the development of the multistate multi-
reference second-order perturbation theory (CASPT2) with 
multi-root references, which are described using the density 
matrix renormalization group (DMRG) method to handle a 
large active space. The multistate first-order wave functions 
are expanded into the internally contracted (IC) basis of the 
single-state single-reference (SS-SR) scheme, which is shown 
to be the most feasible variant to use DMRG references. The 
feasibility of the SS-SR scheme comes from two factors: First, 
it formally does not require the fourth-order transition reduced 
density matrix (TRDM); and second, the computational com-
plexity scales linearly with the number of the reference states. 
The extended multistate (XMS) treatment is further incorpo-
rated, giving suited treatment of the zeroth-order Hamiltonian 
despite the fact that the SS-SR based IC basis is not invariant 
with respect the XMS rotation. In addition, the state-specific 
fourth-order reduced density matrix (RDM) is eliminated in an 
approximate fashion using the cumulant reconstruction for-
mula, as also done in the previous state-specific DMRG-cu(4)-
CASPT2 approach. The resultant method, referred to as DMRG-
cu(4)-XMS-CASPT2, uses the RDMs and TRDMs of up to 
third-order provided by the DMRG calculation (Figure 2). 
The multistate potential energy curves of the photo-
isomerization of diarylethene derivatives with CAS(26e,24o) 
are presented to illustrate the applicability of our theoretical 
approach (Figure 3).

Figure 2.  Development of multistate multireference perturbation 

theory with density matrix renormalization group references.

Figure 3.  Application of DMRG-XMS-CASPT2 theory for studying 

potential energy curves of S0–S3 states of two types of diarylethene 

derivatives with use of large active space, CAS(26e,24o), considering 

four reference states.

2.  Robust and Efficient Relativistic 
Complete Active Space Self-Consistent 
Field2)

We report a highly efficient algorithm using density fitting 
for the relativistic complete active space self-consistent field 
(CASSCF) method, which is as efficient as, but significantly 
more stable than, the algorithm previously reported. Our 
algorithm is based on the second-order orbital update scheme 
with an iterative augmented Hessian procedure, in which the 
density-fitted orbital Hessian is directly contracted to the trial 
vectors. Using this scheme, each microiteration is made less 
time consuming than one Dirac–Hartree–Fock iteration, while 
macroiteration converges quadratically. In addition, we show 
that the CASSCF calculations with the Dirac–Gaunt and 
Dirac–Breit interactions can be sped up by means of approxi-
mate orbital Hessians computed with the Dirac–Coulomb 
interaction. It is demonstrated that our algorithm can also be 
applied to systems under an external magnetic field, for which 
all of the molecular integrals are computed using gauge-
including atomic orbitals.
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