1st, 2017

Physics B I

Solve the following problems.

The Hamiltonian of a harmonic oscillator of mass  and spring constant ma? is
. . -
H = 9" + 137, &y
where £ and p are the operators for coordinate and momentum, respectively. The momentum

operator is expressed as p = —if ?d% in terms of coordinate x. Here, & is givenby A =~h/(2m)

in terms of the Planck’s constant 4. By using ¢ and p, a new set of operators can be defined as

Q= (2++5p), (I

it = jme (3 - p) . (1)

(1) Evaluate the commutator relation [4,4'] between 4 and &' by using the commutator
relation between & and p, [Z,p]=1h.

(2) Show the Hamiltonian in equation (I) is expressed asH = hw (d‘L& + %) .

(3) Let 4'é bedefinedas N . In addition, let the normalized eigenfunctions and eigenvalues of
N be ¢, and n ,respectively, so that

N¢ =n¢ . av)
Show the following relation,
Nag =(n-1)dg, . V)

(4) Equation (V) shows that @ ¢, is an eigenfunction of N . The existence of the solutions to

the Schrodinger equation of a harmonic oscillator requires that 7 must be an integer of 0 or
more. For n =0, we have

dg,=0. VD
Show that ¢, satisfying equation (VI) is a Gaussian function with respect to x.

(5) The following equations for d¢ and a'¢  canbe derived as

ig,=n¢,.,, (VI
éii(ﬁn AL + 1 ¢1H—1 : (VIII)
Evaluate the following equations (IX) and (X), by using the orthonormal condition for ¢ ,
+0O N
@, = [ 6@)ig,@)de, (%)

@), = [ 6.(2)3 ¢, (a)ds )



Physics B 1I

Solve the following problems.

As shown in the figure below, consider a one-dimensional chain consisting of N molecules which
exist in two states (o and ), with correponding energies +e, —¢, and lenghs a, b, respectively. There
is no intermolecular interaction. Each molecule thus takes one of two states independently of
surrounding molecular states. The molecular chain reaches a thermal equilibrium state
(microcanonical ensemble). Note that kg is the Boltzmann constant.
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(1) Consider a state consisting of No. molecules in & and N molecules in 3, where N = N + Np.
Then, evaluate the length L and the energy E; of the molecular chain.

(2) Evaluate the thermodynamic weight W(Na, Ng) in the state.

(3) Prove that the entropy S of the molecular chain is
N, Ng
S = —kg {Nalog—l-v— + Nﬁlog—N—},
by using Stirling formula: log n! = nlog n—n (n > 1).
Consider the canonical distribution of the molecular chain contacting with the heat bath of

constant temperature 7. Generally, in the state of y with corresponding the energy F,, the partition
function Z of the canonical ensemble is described by the equation

Ey
Z = Z exp (— kB—T>
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(4)

(5)

(6)

Evaluate the partition function Z; of one molecule and the partition function Zy of the chain
of Nmolecules.

Using the result of Zy, evaluate the Helmholtz free energy F'= —ksT log Zy, the entropy
S = —0F/ 0T, and the internal energy U = F'+ ST.

Evaluate the specific heat C= 90U/ 9T, and draw the figure of C as a function of 7.
Note that the vertical and horizontal axes are expressed by C/Nkg and kg77e, respectively.





