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Potassimun dihiydrogen phosphate, KH,PO, is a solid in which phosphate ions POy
arc connected by hydrogen honds. Let us consider a simplified model of KH,PO, as

show in the figure.
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In the fignre, potassimm ions IKH are represented by open circles, and the phosphate
ions PO, are represented by tetralhedra ( N). Bach phiosphate ion is connected (o its
nearest neighbors by two hydrogen bonds, depicted by dashed lines. The protons HT,
represented by filled cireles, lic off-center on the hydrogen bonds, and two protons and
PO*™ form a phosphate gronp HaPO, ™.

The total cuergy of the system is assumed to consist of the swan of single phosphate

eroup cuergies which are assinged as follows:

o A phosphate gronp which has two protons on the same side, sueh as 1D oin the
fignre, has zero cnergy.

e A plosphate gronp which has two protous on different sides, such as A and B,
has energy € (> 0).

e A phosphate gronp which has three protons. such as C, has infinite energy, as do

eroups which have four, one, or zero protons.

Ne assume that the system consisting of NV phosphate groups is in thermal equilibrinm
W that the syste ting of N pl hate grong tl 1 equuilil
at temperature. T, Let there be periodic hondary conditions to eliminate edge effects.

Aunswer the following ¢uestions.

(1) Show that the mean energy of the system in thermal equilibrivun () is ex pressed
. : e ﬂ 0 . L
in terms of the partition function Z as (E) = —~7310g Z, where /3 is given as
ap
A= (kpT)"" with Boltzanann’'s constant k.

(2)  Choose the correct partition function Z for the system from the followings:

7 =924+ 21\’6—— ﬁj\"f’ 7 =9+ cz]\few-ﬂ.:7 7 = 21\’ 1 20*',/)'/\/.7




Explain the physical reasons why yvou consider the partition function chosen in

(2) to be correct.
Using the results of (1) and (2), find the mean energy of the system.

Given the limit of large NV, show that the mean cnergy is discontinuous at a

certain temperature, T,. Express T, in terms of € and k3.
Explain the physical meaning of the discontinuity obscrved in (5).

[(The questions end.]




