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Answer the following questions on classical mechanics. For all the following questions,
we assume that spring forces obey Hooke's law and that the mass of springs and 
frictional force from the floor are negligible.

First, a point mass with mass and two springs with natural length and spring 
constant are connected as shown in Fig. 1, and the ends are fixed at two walls
separated by 2  on a horizontal floor. Let ( ) be the displacements of the point mass 
from its equilibrium position at time , and consider one-dimensional oscillation along 
the horizontal direction. For the time derivatives of position, use abbreviations such as( ) = and ( ) = . 

Figure 1

I Write down the equation of motion for the point mass.

II Solve the equation in question I under the following initial conditions:(0) = and (0) = 0. 

Then, two point masses 1 and 2 with mass and three springs with natural length 
and spring constant are connected as shown in Fig. 2, and the ends are fixed at two 
walls separated by 3 on a horizontal floor. Let ( ) and ( ) be the displacements 
of point masses 1 and 2, respectively, from their respective equilibrium positions at time 
, and consider one-dimensional oscillation along the horizontal direction. 

Figure 2 

III Write down the equations of motion for point masses 1 and 2.
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IV Let ( ) = { ( ) + ( )} 2 and ( ) = { ( ) ( )} 2, which correspond 
to the center-of-mass position and relative position of the point masses, 
respectively. Show the equations of motion with respect to ( ) and ( ) and 
then solve these under the following initial conditions: 

 (0) = , (0) = , and (0) = (0) = 0. 
 
V Show that when = , only the oscillation of the center-of-mass position ( ) appears in the solution obtained in question IV. Under this condition, the 

oscillation can be viewed as that of a single point mass depicted in Fig. 1. Show 
what the relationship is between  and  in the case where the angular 
frequency of this center-of-mass oscillation coincides with the angular frequency 
obtained in question II. 

 
(The end) 
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Answer the following questions on electromagnetism. 
The speed of light is c (= 3 × 108 m s 1). Use the MKSA unit system as the unit system. 
 
I       When the electric field is E (x, y, z, t ) and the magnetic flux density is B (x, y, 

z, t ), write Maxwell’s equations in vacuum where neither charge nor current 
exists. Here, x, y, and z represent the coordinates of the space in the Cartesian 
coordinate system and t is the time. Use 0 for the permittivity and 0 for 
permeability. 

 
II      Derive an equation for the energy conservation law for the electromagnetic 

fields using the Maxwell’s equations. The energy density of electromagnetic 

fields u is 12 0 + 12 0  and the energy flux of electromagnetic fields S is 

10 × . The derivation process should be shown. 

 
III     Consider the case where  and  are independent of x and y and are 

functions of z and t only. When Ex = E0sin(kz t), Ey = 0, Ez = 0, Bx = 0, Bz = 0, 
express u using Ex and 0, and express |S| using Ex, 0, and c. Here, E0 is the 
amplitude, k is the wave number,  is the angular frequency, and the subscripts 
in E and B represent the x, y, and z components. If necessary,  = kc and =  can be used. 

 
IV     When u = 36 J (Joule) m 3, calculate Ex and By. 0 is 9 × 10 12 F (Farad) m 1. 

Answer with one significant digit. 
 

(The end) 



解答例
Example answers
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Answer the following questions on classical mechanics. For all the following questions, 
we assume that spring forces obey Hooke's law and that the mass of springs and 
frictional force from the floor are negligible. 
 
First, a point mass with mass 𝑀𝑀 and two springs with natural length 𝑙𝑙 and spring 
constant 𝑘𝑘  are connected as shown in Fig. 1, and the ends are fixed at two walls 
separated by 2𝑙𝑙 on a horizontal floor. Let 𝑥𝑥(𝑡𝑡) be the displacements of the point mass 
from its equilibrium position at time 𝑡𝑡, and consider one-dimensional oscillation along 
the horizontal direction. For the time derivatives of position, use abbreviations such as 
𝑥̇𝑥(𝑡𝑡) = 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄  and 𝑥̈𝑥(𝑡𝑡) = 𝑑𝑑2𝑥𝑥 𝑑𝑑𝑡𝑡2⁄ . 
 

 
Figure 1 

 
I Write down the equation of motion for the point mass. 

𝑀𝑀𝑥̈𝑥(𝑡𝑡) = −2𝑘𝑘𝑘𝑘(𝑡𝑡) 
 
II Solve the equation in question I under the following initial conditions: 
 𝑥𝑥(0) = 𝑥𝑥0 and 𝑥̇𝑥(0) = 0. 

Assume that the solution has the form 𝑥𝑥(𝑡𝑡) = 𝐴𝐴 cos(𝜔𝜔𝜔𝜔 + 𝜙𝜙). Then, we obtain 
𝑥̇𝑥(𝑡𝑡) = −𝜔𝜔𝜔𝜔 sin(𝜔𝜔𝜔𝜔 + 𝜙𝜙), 
𝑥̈𝑥(𝑡𝑡) = −𝜔𝜔2𝐴𝐴 cos(𝜔𝜔𝜔𝜔 + 𝜙𝜙). 

Substituting these into the equation obtained in Question I, we get 
𝜔𝜔 = �2𝑘𝑘 𝑀𝑀⁄ .  

Furthermore, from the initial conditions, we find 𝜙𝜙 = 0 and 𝐴𝐴 = 𝑥𝑥0. Hence, 
 𝑥𝑥(𝑡𝑡) = 𝑥𝑥0 cos(𝜔𝜔𝜔𝜔) (𝜔𝜔 = �2𝑘𝑘 𝑀𝑀⁄ ). 

Then, two point masses 1 and 2 with mass 𝑚𝑚 and three springs with natural length 𝑙𝑙 
and spring constant 𝑘𝑘 are connected as shown in Fig. 2, and the ends are fixed at two 
walls separated by 3𝑙𝑙 on a horizontal floor. Let 𝑥𝑥1(𝑡𝑡) and 𝑥𝑥2(𝑡𝑡) be the displacements 
of point masses 1 and 2, respectively, from their respective equilibrium positions at time 
𝑡𝑡, and consider one-dimensional oscillation along the horizontal direction. 
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Figure 2 

 
III Write down the equations of motion for point masses 1 and 2. 

𝑚𝑚𝑥̈𝑥1 = −𝑘𝑘𝑥𝑥1 + 𝑘𝑘(𝑥𝑥2 − 𝑥𝑥1) 
𝑚𝑚𝑥̈𝑥2 = −𝑘𝑘(𝑥𝑥2 − 𝑥𝑥1) − 𝑘𝑘𝑥𝑥2 

IV Let 𝑋𝑋(𝑡𝑡) = {𝑥𝑥1(𝑡𝑡) + 𝑥𝑥2(𝑡𝑡)} 2⁄  and 𝑌𝑌(𝑡𝑡) = {𝑥𝑥1(𝑡𝑡) − 𝑥𝑥2(𝑡𝑡)} 2⁄ , which correspond 
to the center-of-mass position and relative position of the point masses, 
respectively. Show the equations of motion with respect to 𝑋𝑋(𝑡𝑡) and 𝑌𝑌(𝑡𝑡) and 
then solve these under the following initial conditions: 

 𝑥𝑥1(0) = 𝑥𝑥10, 𝑥𝑥2(0) = 𝑥𝑥20, and 𝑥̇𝑥1(0) = 𝑥̇𝑥2(0) = 0. 

The equations of motion for 𝑋𝑋(𝑡𝑡) and 𝑌𝑌(𝑡𝑡) are given by 
𝑚𝑚𝑋̈𝑋 = −𝑘𝑘𝑘𝑘, 
𝑚𝑚𝑌̈𝑌 = −3𝑘𝑘𝑘𝑘.  

Assuming solutions of the form 𝑋𝑋 = 𝐴𝐴𝑋𝑋 cos(𝜔𝜔𝑋𝑋𝑡𝑡 + 𝜙𝜙𝑋𝑋) and 𝑌𝑌 = 𝐴𝐴𝑌𝑌 cos(𝜔𝜔𝑌𝑌𝑡𝑡 + 𝜙𝜙𝑌𝑌), we 
obtain 𝜔𝜔𝑋𝑋 = �𝑘𝑘 𝑚𝑚⁄  and 𝜔𝜔𝑌𝑌 = �3𝑘𝑘 𝑚𝑚⁄ . Furthermore, from the initial conditions, we 
find 𝜙𝜙𝑋𝑋 = 𝜙𝜙𝑌𝑌 = 0, 𝐴𝐴𝑋𝑋 = (𝑥𝑥10 + 𝑥𝑥20) 2⁄ , and 𝐴𝐴𝑌𝑌 = (𝑥𝑥10 − 𝑥𝑥20) 2⁄ . Hence, 

 𝑋𝑋(𝑡𝑡) = 𝑥𝑥10+𝑥𝑥20
2

cos(𝜔𝜔𝑋𝑋𝑡𝑡)  (𝜔𝜔𝑋𝑋 = �𝑘𝑘 𝑚𝑚⁄ ), 

 𝑌𝑌(𝑡𝑡) = 𝑥𝑥10−𝑥𝑥20
2

cos(𝜔𝜔𝑌𝑌𝑡𝑡)  (𝜔𝜔𝑌𝑌 = �3𝑘𝑘 𝑚𝑚⁄ ). 

V Show that when 𝑥𝑥10 = 𝑥𝑥20, only the oscillation of the center-of-mass position 
𝑋𝑋(𝑡𝑡) appears in the solution obtained in question IV. Under this condition, the 
oscillation can be viewed as that of a single point mass depicted in Fig. 1. Show 
what the relationship is between 𝑚𝑚 and 𝑀𝑀  in the case where the angular 
frequency of this center-of-mass oscillation coincides with the angular frequency 
obtained in question II. 

When 𝑥𝑥10 = 𝑥𝑥20, it follows that 𝐴𝐴𝑌𝑌 = 0, and hence 𝑌𝑌(𝑡𝑡) = 0 for all time. That is, only 
the oscillation of the center-of-mass position 𝑋𝑋(𝑡𝑡) appears. If this angular frequency 
𝜔𝜔𝑋𝑋 is equal to the one obtained in Question II, we obtain �𝑘𝑘 𝑚𝑚⁄ = �2𝑘𝑘 𝑀𝑀⁄  using the 
results from Questions II and IV. Therefore, the angular frequencies are identical 
provided that 𝑚𝑚 is equal to 𝑀𝑀 2⁄ . 

(The end) 
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Answer the following questions on electromagnetism. 
The speed of light is c (= 3 × 108 m s−1). Use the MKSA unit system as the unit system. 
 
I       When the electric field is E (x, y, z, t ) and the magnetic flux density is B (x, y, 

z, t ), write Maxwell’s equations in vacuum where neither charge nor current 
exists. Here, x, y, and z represent the coordinates of the space in the Cartesian 
coordinate system and t is the time. Use 𝜀𝜀0 for the permittivity and µ0 for 
permeability. 

 
      𝛁𝛁 ∙ 𝑬𝑬 = 0 (1) 
      𝛁𝛁 ∙ 𝑩𝑩 = 0 (2) 

     𝛁𝛁 × 𝑩𝑩− 𝜀𝜀0𝜇𝜇0
𝜕𝜕𝑬𝑬
𝜕𝜕𝜕𝜕

= 0 (3) 

     𝛁𝛁 × 𝑬𝑬 + 𝜕𝜕𝑩𝑩
𝜕𝜕𝜕𝜕

= 0  (4) 

 
II      Derive an equation for the energy conservation law for the electromagnetic 

fields using the Maxwell’s equations. The energy density of electromagnetic 

fields u is 1
2 𝜀𝜀0𝑬𝑬 ∙ 𝑬𝑬+ 1

2𝜇𝜇0
𝑩𝑩 ∙ 𝑩𝑩 and the energy flux of electromagnetic fields S is 

1
𝜇𝜇0
𝑬𝑬×𝑩𝑩. The derivation process should be shown. 

 
Using Eqs. (3) and (4), 
1
𝜇𝜇0

{𝑩𝑩 ∙ (𝛁𝛁×𝑬𝑬) −𝑬𝑬 ∙ (𝛁𝛁×𝑩𝑩)} + 𝜕𝜕
𝜕𝜕𝜕𝜕 �

1
2 𝜀𝜀0𝑬𝑬 ∙ 𝑬𝑬+ 1

2𝜇𝜇0
𝑩𝑩 ∙ 𝑩𝑩� = 0. 

Here, by using 𝛁𝛁 ∙ (𝒂𝒂 × 𝒃𝒃) = 𝒃𝒃 ∙ (𝛁𝛁 × 𝒂𝒂) − 𝒂𝒂 ∙ (𝛁𝛁 × 𝒃𝒃) , an equation for the energy 
conservation law for the electromagnetic fields can be derived: 

𝛁𝛁 ∙ 𝑺𝑺 + 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0. 

 
III     Consider the case where 𝑬𝑬  and 𝑩𝑩  are independent of x and y and are 

functions of z and t only. When Ex = E0sin(kz −ωt), Ey = 0, Ez = 0, Bx = 0, Bz = 0, 
express u using Ex and 𝜀𝜀0, and express |S| using Ex, 𝜀𝜀0, and c. Here, E0 is the 
amplitude, k is the wave number, ω is the angular frequency, and the subscripts 
in E and B represent the x, y, and z components. If necessary, ω = kc and 𝑐𝑐 =
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1
�𝜀𝜀0𝜇𝜇0

  can be used. 

 
From Eq. (4), 

     𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝜕𝜕 = −𝜕𝜕𝐵𝐵𝑦𝑦

𝜕𝜕𝜕𝜕 . 

Using this equation, 

𝐵𝐵𝑦𝑦 =
𝐸𝐸𝑥𝑥
𝑐𝑐

 

can be obtained. Thus, 
𝑢𝑢 = 𝜀𝜀0𝐸𝐸𝑥𝑥2 

and 
     |𝑺𝑺| = 𝑐𝑐𝜀𝜀0𝐸𝐸𝑥𝑥2. 
 
IV     When u = 36 J (Joule) m−3, calculate Ex and By. 𝜀𝜀0 is 9 × 10−12 F (Farad) m−1. 

Answer with one significant digit. 
 

𝐸𝐸𝑥𝑥 = �
𝑢𝑢
𝜀𝜀0

= 2 × 106 V m−1 

𝐵𝐵𝑦𝑦 = 6 × 10−3 T  (or  7 × 10−3 T) 
 

(The end) 




